The present work has benefited from the unplanned confluence of two unification efforts. An initial attempt to place the free formulation [6] [7] [8] [9] within the framework of parametrized hybrid variational principles was successful [14] [15] [16] .
The free formulation in turn "dragged" incompatible shape functions, the patch test.
and energy balancing into the scene. Concurrently a separate effort was carried out to set out the assumed natural strain (ANS) and projection methods in a mixed/hybrid variational framework [26, 27] . Comparison of the results led to the rather unexpected conclusion that a parametrized variational framework was able to encompass ANS and the free formulation as well as some hitherto untried methods [17, 18] .
The common theme emerging from this unification is that a wide class of tIP elements can be constructed using two ingredients:
(1) A parametrized functional that contains all variational principles of elasticity as special cases.
(2) Additional assumptions (sometimes called "variational crimes" or "tricks") that can be placed oll a variational setting through Lagrange multipliers.
As of this writing it is not known whether the "wide class" referred to above encompasses all tIP elements or at least the most interesting ones. Some surprising coalescences, such as DKT and ANS bending elements, however, have emerged from this study. element stress field that holds in the convergence limit; for structural elements the assumption would be on independent stress resultants. ) The associated boundary tractions are _,, = _.n, where n denotes the unit external normal on the element boundary S.
Step B._. Assume boundary displacements, d, over .5'. This field is described in terms of the visible element node displacements v (also caIIed the connectors) as
where Nd is an array of boundary shape functions. The boundary motions (3) must satisfy interelement continuity (or at least, zero mean discontinuity so that no energy is lost at interfaces) and contain rigid-body and constant-strain motions exactly.
Step B.3. Construct the "lumping matrix" L that consistently "lumps" the boundary tractions a'-'_ into element node forces, f, conjugate to v in the virtual work sense. That is,
In the above, Ndn are boundary-system projections of Nd conjugate to the surface tractions
Step B.4. The basic stiffness matrix for a 3D element
where E is the stress-strain constitutive matrix of elastic moduli, which are assumed to be constant over the element, and v = fv dV is the element volume measure. 
where D is the matrix of moment-curvature moduli. Specific examples for L are provided in Section 4.
Box 3

Construction of K_ by the ANDES Formulation
Step t1. 
where e is a strain field in natural coordinates that must include all constant strain states.
(For structural elements the term "strain" is to be interpreted in a generalized sense.)
Step 11.2. Relate the Cartesian strains e to the natural strains:
at each point in the element.
(If e -e, or if it is possible to work throughout in natural coordinates, this step is skipped.)
Step 11.3. Relate the natural straingage readings g to the visible degrees of freedom
where Q is a straingage-t(>-node displacement transformation matrix. Techniques for doing this vary from element to element and it is difficult to state rules that apply to every situation.
In the elements derived here Q is constructed by direct interpolation over the reference lines.
(In general there is no unique internal displacement field u whose symmetric gradient is e or e, so this step cannot be done by simply integrating the strain field over the element and collocating u at the nodes.)
Step FI.,_. Split the Cartesian strain field into mean (volume-averaged) and deviatoric strains:
where _ = fv TA, dV/v, and ed = Ad g has mean zero value over V. This step may also be carried out on the natural strains if T is constant, as is the case for the elements here.
Step H.5. The higher-order stiffness matrix is given by
where a = J._2 > 0 is a scaling coefficient (see Box 1).
It is often convenient to combine the product of A and Q into a single strain-displacement matrix called (as usual) B, which splits into B and Bd:
in which case
The notation B, = A,Q is also used in tile sequel.
(13)
Box 4
Steps S.I to S.3. step: strain splitting, is omitted.
Step S.$. 
where L is a force-lumping matrix derivable as per Box 2 and Kh is orthogonal to the rigid body and constant strain test motions. In other words, the ANS element must coalesce with the ANDES formulation with a = 1. The equivalence may be checked by requiring that
where A" is the mean part of A. At the present there are no general techniques for explicit construction of strain fields that satisfy these conditions a priori.
If the patch test is not satisfied, one should switch to the ANDES formulation by replacing the basic stiffness constructed from constant strain, namely vBrEB, with one constructed from constant stress as in Box 2.
THE TILIANGULAR ELEMENT
Geometric Relations
The geometry of an individual triangle is illustrated in Figure 1 . The triangle has straight sides. Its geometry is completely defined by the location of its three corners, which are labelled 1,2,3, traversed counterclockwise.
The element is referred to a local Cartesian system (z, y) which is usually taken with origin at the centroid 0, whence the corner coordinates zi, y_ satisfy the relations
Coordinate differences are abbreviated by writing z_ 1 = zi -zj, and Y0" = yi -Yi. The signed triangle area
A is given by 
in which i, j and k denote positive cyclic permutations of 1, 2 and 3; for example, i = 2, j = 3, k = 1. (If the origin is taken at the centroid as in Figure 1 , r0 = Y0 = 0.) It follows that
Other intrinsic dimensions and ratios of use in future derivations are (see Figure 2) t,, = t,, = + = t,lt,j, so = y,,le,t,
Here gij = gji is the length of side i-j and c0 and sit the cosine and sine, respectively, of angle (i ---, j,x).
Furthermore bit and bji are the projections of sides i-k and k-j, respectively, onto i-j; Aij and ,\ji being the corresponding projection ratios.
On each side i-j, define the dimensionless natural coordinates PO as varying from 0 at i to 1 at j. The coordinate/_0 of a point not on the side is that of its projection on i-j. Obviously 
2.2
Displacements,
Rotations, Curvatures
As we are dealing with a Kirchhoff element, its displacement field is completely defined by the transverse displacement w(z,V) -w ((1,(2,(3) , positive upwards. In the present section we assume that w is unique and known inside the element; this assumption is relaxed later. The midplane (covariant) rotations about z and y are 0z = Ow/ay and 0v = -aw/Oz, respectively. Along side i-j with tangential direction t and external-normal n (see Figure 3 ) the tangential and normal rotations are defined as
The visible degrees of freedom of the element collected in v (see Boxes 2-3) are
The first and second derivatives of the displacement w with respect to the Cartesian and triangular coordinates are linked by the relations (summation convention used) 
The inverse relation does not exist.
I1
Natural Curvatures
The 
The inverse of this relation is I]
A comparison of (29) Over each triangle side chose the isoparametric coordinates _i/ that vary from -1 at corner i to +l at corner j. These are related to the P_i coordinates introduced in Section 2.1 by _ij = 2pij -1. The Hermite
where 0,_ denotes the rotation about the external normal n on side ij. The natural curvature over side ij is given by
Evaluating these relationsat the nodes by setting_ij= ::El and convertingnormal rotationsto z-y rotations through (25),we build the transformation
The lefthand sideisthe natural straingagereading vector calledg in Box 3 and thus we can express (35) as
This relation holds for all elements discussed here.
The six gage readings collected in g provide curvatures along the three triangle side directions at two corners.
But nine values are needed to recover the complete curvature field over the element. 
The natural curvature now can be interpolated linearly over the triangle:
It is readily verified that under this rule the natural curvature ,YI." is constant over lines parallel to the triangle median that passes through node 3. Formulas for the other curvatures follow by cyclic pernmtation, from which we construct the matrLx relation 
in which _12 = _1 --(_2, etc. In the notation of Box 3,
where subscript a identifies the "averaging" rule (37). Since the natural curvatures vary linearly over the triangle, their mean values are obtained by evaluating (39) at the centroid ¢1 --¢2 = ¢3 = 1/3:
Finally, the Cartesian curvatures are given by t¢ = TBx°v = Bay,
An explicit expression of these relations is easily obtained, but not required in what follows; however, that of the mean Cartesian curvatures _" = TB'xoV = Boy (a relation valid because T is constant over the triangle)
is enlightening:
The Projection Rule
To each corner k assign the natural curvature Xq of itsprojectiononto the opposite side. This resultsin Xi/ being constant along lines normal to side ij. For equilateral trianglesthis agrees with the averaging rule,but not otherwise. The underlying motivation is to make the element insensitive to bad aspect ratios in cylindrical bending along sidedirections.
To illustrate the applicationof thisruleconsiderside I-2. For node 3 take
where ),12and )`21are defined in (23). Proceeding similarlyalong the other sides we construct the matrix relation
where subscript p identifies the "projection" rule. As in the preceding rule, since T is constant we can do the strain-splitting step of Box 3 directly on the natural curvatures by evaluating at the centroid: 
(4s).
The explicit expression of these matrices is not revealing and for the construction of the stiffness matrix presented in Appendix B it is better to leave (48) in product form. If all )`coefficients are ½, which happens for the equilateral triangle, the expressions reduce to those of the averaging rule.
The 'Sliding
Beam' Rule
This is a refinement of the average-curvature rule. 
It should be noted that AX and Q are inextricably enmeshed in the above fornmla and cannot be easily T 4 separated. Premuitiplication by T yields _¢ = B,v. Evaluation of B, at the centroid yields B, = Lq/. , where L_ = ATB" x, is the force lumping matrLx given in Eq. (56).
A variation in the sliding-beam theme would consist of interpolating the normal rotation 0,, along i-k and j-k linearly rather than quadratically. This scheme turns out to be identical, however, to the average curvature rule and thus it provides nothing new.
The Six Beam Lattice Rule
In addition to the sides, consider three fictitious beams along the triangle medians. Consequently this scheme will not be pursued further. 
The ANS Elements
STIFFNESS MATRIX COMPUTATION
The Basic Stiffness
As explained on Box 2, the basic stiffness is obtained by constructing the lumping matrix L. In our case this is a 9 x 3 matrix that "lumps" an internal constant bending-moment field (Tff_:_, wry_, _.y) to node forces conjugate to v.
On each element side, the constant moment field produces boundary moments _.n and _'_'nt referred to a local edge coordinate system n, t (see Figure 3 ):
The boundary motions d conjugate to m,,,_ and m,, are Ow/On = -0t and Ou,/Ot = 0, (see Figure 3) .
Given the degree of freedom configuration (25), the normal slope Ow/On = -0t along side i-j can at most vary linearly (it could be also taken as constant and equal to ½(gu + 0tj) but the results are the same as for a linear variation). 
where _ -_ii-Under this assumption one obtains [13] [i 0 y32 0 0 yis 0 0 _I l LT=½ =32 0 0 xls 0 0 z21 ,
where superscript I stands for "linear 8,." The corresponding basic stiffness is 
c_;3y3_+ c §_'13
The corresponding basic stiffness matrix is denoted by The results given in Table 4 show that AQR is superior in this test. FF and ALR are the worst for a > 2.
DKT and AQR display low deterioration rate from a = 2 up to a = 2.49. but DKT behaves poorly for a < 2. Table 5 . Also shown in this table is the ratio of the computed tip deflection to the exact value w,_ for zero distortion.
For mesh A, AQR is the best performer closely followed by DKT. FF and ALR behave poorly.
For mesh B FF is the best performer in terms of deterioration, followed by AQR, DKT and ALR. However it must be noted that FF and ALR recover only 77% of the exact solution. This is a serious drawback in elements supposedly capable of providing an appropriate response for linear bending. This shortcoming can be attributed to the basic stiffness K_t which is the same for both elements. AQR and DKT recover almost 99% of the response for both meshes.
Twisted Ribbon
This test has been selected to assess the distortion effect under a field which combines bending and twisting.
The test uses mesh B of Figure 5 . The results shown in Table 6 indicate that AQR and DKT are the least distortion sensitive elements for this problem. Figure 6 . The number of elements used is 2N 2, where N is the number of side subdivisions.
For the cases involving a concentrated load, Figures 7 and 8 show that for both meshes AQR converges faster and is less sensitive to mesh orientation than DKT.
In the case of uniform loading with triangular lumping, Figures 9 and 10, the convergence is uniform for all the meshes and elements.
For the simply-supported condition all answers are within the 5% error limit for N = 4. Clearly DKT converges faster in this case. For the clamped condition and N --4. DKT(A) is outside the 5% error limit.
For consistent force lumping, the results shown in Table 7 indicate a dramatic improvement of AQR. DKT also improves in the sense that becomes less mesh sensitive and that all the results are within 5% error for N=4.
Rhombic Cantilever
The test involves a rhombic cantilevered plate subjected to uniform load. This problem was presented in [3] to test the DKT element with reference given to an experimental deflection result; however, no convergence analysis was performed. This has been done here taking into account the two possible mesh subdivision patterns, SDC and LDC, depicted in Figure 11 . Triangular force lumping has been used.
The results are shown in The results are shown in Table 9 . For the SDC meshes AQR and DKT show slight difference and ahnost tile same rate of convergence.
For the LDC meshes DKT is too flexible whereas AQR converges faster.
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A. SANITIZING INCOMPATIBLE ELEMENTS
where K_ is one of the basic stiffness matrices derived in Section 4.1. The free formulation leads to the same result but in a less direct manner, because w would have to be decomposed into rigid body, constant curvature and higher order states. Although the corrected element passes the patch test it is unlikely to be competitive with ANDES elements in distortion insensitivity as this property appears to depend on relaxing curvature compatibility conditions.
B. EXPLICIT REPRESENTATION OF HIGHER ORDER STIFFNESS
To obtain an explicit representation of Khp, begin by defining where rij = _ijCij for i = 1,2,3, j = 1,2,3, and #11= 2()`_ -)`12+ 1), _22= 2()`_3-)`23+ 1), _ = 2()`_ -)`31+ 1), The same stiffness expression applies for Kha, if one sets )`12 = )`23 = A31 --_'-
